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Abstract

The 1imitations due to multiple Coulomb scattering on
the minimum dimensions of small collimated beams of heavy
charged particles are discussed. The standard deviation ¢
for radial scattering for protons, of energies up to 160 Mev,
is calculated for water and aluminum and the results compared
with a number of experimental determinations. The effect cf
multiple scattering on the effective Bragg ionization curve
is evaluated for collimated beams of circular and rectangular

¢ross section.



1. Introduction

Smzall beams of high energy positive ions such as protons
or alpha particles have found applications in biological
research and medical therapy because of their low scattering
and favorable depth dose charscteristics. They have been
used to create isolated, well-defined radiation lesions (for

example, to destroy the pituitary gland which 1s located
near the center of the head) with a minimum of damage to
surrounding structures. ~Narrow rectangular "knife edge"
beams have been employed as surgical tcols in brain-splitting
experiments or to cut the spinal cord of laboratory animals.
An excellent review of the subject, with extensive bibliog-
raphy, is given by Tobias.?

The present article, an outgrowth of work of the Harvard
Cyclotron Biomedical Froject,® deals explicitly with the
effects of multiple Coulomb scattering on the dose distri-
bution in small proton beams of energies up to about 16C Mev
and evaluates the resulting limits on the minimum practiczl
dimensions of such beams.

The results may have more general use, as for example, in
calculating the minimum laterasl dimensions required in
designing total abscrption scintillation counters and solid
state detectors for measuring the energy of collimated beams

of charged particles.
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2. Calculation of the Standard Deviation for Multiple

Scattering

Following initially the treatment of Bethe and Ashkin,®
supposé a parsllel beam of fast particles of charge z,
mcmentum p, and velocity Pec (where ¢ is the velocity of
light) is incident normally on a thin slab of material,
thickness t g/cm®, of an element of atomic number Z and
atomic weight A. If t 1s of such a magnitude that each
prarticle undergoes many small-angle Coulomb scattering
interactions, the emerging particles will have an approx-
imately Gaussian zngular distribution given by

2 2

-H /de 4

F(9)an = 22

q (1
%* )

where F(9) is the probability of a particle's emerging at
an angle between 8 and A+dA with the normal and the angular

stzndard deviation Oy = <=’~?"’>1/2

sy the root mean sguare
anguvler deflection.

If t 1s small enough so that p may be considered constant
within the slab, .and if the scattering angles are small,

<A2%> = g%t where g2 = ﬁ:g%%fi &L&%ll %n(%i)zradianz-cma/g

(2)

In this, pc is in units of Mev and 9x and em are respectively
the maximum and minimum angles of single scattering events.

The value of Gm is determined by shielding of the nuclear

charge by the atomic electrons; it may be calculated with more




than adequate precision. Except at very high energies, however,
the choice of Qx 1s rather arbitrary. If we define Qx as that
deflection which, on the average, 1s exceeded by only one:
scattering event per particle in its passage through the slab,
and if the relstion 0.73Zz/3 < 1 holds (as it does in our
present range of interest),thens

1/2
}

£ = n(3,/8,) = 2af1062/8[21/3(z+1) /4] (3)

The actual scattering exceeds the Gaussian distribution
at large angles. Hence a better estimate of 092, which equals
<A%> only for a Gaussian distribution, is obtained by using
an appropriate large-angle cut-off, QX. More accurate
theoretical trestments than the above are availeble,® but they
are difficult to evaluate. It is our purpose to carry out a
simplified treatment and tc compare its predictions with our
experimental results.

As long as pP varies only slightly in the thickness of
the slab, we can certainly divide the latter into slices of

thickness dx cm and rewrite Eq. 2 as
I '
<82 = pf g2dx (L)
¢

where 0 is the density and T = t/p the thickness of the slab
in em. (This follows from the fact that, for small deflections,
the mean square deflections d<A%> = pq?dx are additive.)

We now make the assumption that Eq. 4 can be extended

tc ccver the case of a slab of arbitrarv thickness T, although

this is a2 somewhat uncertain extensior of the elementary theory

ceczuse of the manner i1y, whien A, was defined.
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Referring to Fig. 1, consider the radial deviations r
from the x-axis, at a distance S from the front face of a
slab of thickness T, of particles whose paths coincide with
the x-axis at x = C,. For small deflections, any thin layver

dx will cause an increase d<r®> in the mean square value

<r?> equal to (S-x)?d<9%>., Then the radial standard deviation

¢ will be given by
T
0% = <r%> = pf q?(8-x)2dx cm® (5)
0

If the initial particle range is much greater then T,
the varistion of g within the slab mazy be small enough so
that we may replace q by its value q at the center. Con-

venient zpproximations then are

<r®> = pg ®5°T 1f S >> T (6)
2y = 1 2ms -
<r>—3pch if s = T, (7)

In case the scattering material is a mixture, or a
compound, consisting of fractions by weight w1 of atoms
characterized by étomic number Zi and atomic weight Ai’ we
may rewrite Egs. 2 and 3:

pzﬁacz

o wy2,(2441) 1y | 1/2
F = Z:_——KI-—_—_ Ln{}06z/ﬁ[zi 3(21*1)9T/A1] } (9)
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The guantity F 1s a slowly varying function. It is
plotted in Fig. 2 for prctons in aluminum, of initial range

PR, = 22.3 g/cm?, initial energy E, = 158 Mev, and for a

©
thickness T = HO cm. (Ranges have been taken from Report

No. 39, Nuclear Science Series, Natlonal iAcademy of Sciences
Pub. No. 1133(1954)). In this case, F in Egq. 9 is a function
only of B, whose values 3ss a function of the depth in the
scattering metericl, px, can be compute? from Tange- energy
tables. While F becomes infinite logarithmicly at the end of

the proton range, x = R its sverage value over its range is

01
rather closely approximated by its value at midpoint, X = T/2,
call it F(1/2T).

Substituting Eq. & in Eq. 5 and removing F from the
integral:

T 2
o = <r?> = 0.314z2r(1/27) [ (8=X1" gy cp? (10)
C 923202

An excellent approximate relation giving ppc as a function

of the residuszl proton reange is

p2P2c? = a(pR)b = apb(Ro-x)b (11)
in which 3 and b are constants. [If fitted at 8C and 150 Mev,

a = 4141 and b = 1.072 for protons in water; a = 2992 and
b = 1,08% in aluminum; pR in g/cm® and popc in Nev.]

For the special_case when 0% is to be calculated at a
depth in material ecual to the initizl proton range, S = ] = T.

o
Substitut?ng,Eq. 11 in 1C and integrating:
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(1-b) RO
2 = n 2 .(1=D) - - _e 2 e T
6> = C.314z%p b(l/zao) a(3-o cm® for T =S = Ro
" (12)
g, = 6.,27%1C73[F(1/2R ) ] R, *77enm (vrotens in water)
© (12a)
O, = 7.10%10 ’[F(1/2R0)] R, "7 em(protons in aluminum)

(12b)
Egs. 12a and 12b are plotted in Fig. 3, (Values of

F(1/23,) are calculated from Eq. 9, with T = R and P

computed at x = 1/2RO.) These relations are so nearly linear

that the empirical equations below are just about as accurateg

g
o)

C.03C7 3, cm (protons in wzter) (12¢)

o]
@)

C.0L4Yy Ro em (protons in sluminum) (124d)

If instead of Eq. 1l we substitute in Eg. 1C the

somewhat less accurate relatlon
p®p2c? = A(pR) = Ap(R - x) (13)

with the single adjustable constant A, the result can readily
be integrated for the case S =T < R (Referring to Fig. 1,
this corresponds to finding O at any fepth T in the scattering

material less than &O.)

T

. o 2 -x)2

o? = Qéiﬁié— F(1/2T) f %%4§ly dx
o) LO-X

i

o _ C.31h2? 5 2 -3 JON SR
ot = Ledlirc1/oma 2{(1-p) 2 agls + v(Gy-1)} (1)
where y = T/RO. At the end cf the nroten range, T = R, and
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Bg. (14) refiens tc 0 2 = inlkéi F(l/?T)ROS/Q. a somewhat

less accurate expression than Eq. 12. However, the relation

1/2
]

;
%/, = [2<1-y>2£n ==+ 3y? - 2y

12 (19)

which is plotted in rFig. %, can be used to extimate ¢ at any
value v = T/RO in terms of ¢  given by Eq. 12 or Fig. 3.
(A smell error is introduced by ignoring the variation in

F(1/2T).)

3. Bears of Circular Cross section

Consider a circvlar beam of particles, parallel to the
x~axis and of negligible cross section, ineéid ent normally on
a scattering medium at x = C. After penetration to a depth
x cm, at which the standard deviation (std. dev.) is g, the

radial intensity distribution will be

2 /.2
I(r,x)= L. T/ (13)

To?
where r is the distance measured normal to the x-axis, and I
is a function of x through the standsrd deviation o(x).
If we change to = variasble u = r/J, the fraction of the
total beam flux within a circle of radivs r = ug is
f‘r U 2 ]
Flu) = | 2rr I dr = 2 [ ue™™ du = 1-e7¥ (17)
A wgeful relation which follcws from Egs. (1%) a2nd (17)
is trat the ratio ¢f the intensity of *ho heam on the perimeter

of a circle of radius u to the intensity on the asxis is equzl
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to the fraction of the total beam scattered gutside of the

circle, i.e.,
I(u)/I(o0) = 1 - F(u) (18)

If the initial beam had an appreciable cross section,
with a radial intensity distribution characterized by a std.
dev. 9, at x = 0, the effective std. dev. at a depth x will be

g% =0%(x) +0

e .'1:2 (19)

Next consider a beam of finite cross section which at
x = C has passed through a circular collimator of radius T,

over which the intensity is uniform. Assuming the beam has

initially negligible angular divergence, then at a depth such

thet o(x)>r, the beam will have lost its sharp edges and I(r)

c
will apprroximate a Gaussian distribution with an effective

std. dev. given bwv

R ~ 2 2
05 = g (x) + T (2C)

In this last case, that of an initially uniform beam of
radius Tos the general intensity function I(r,x) is complicated.
However, the intensity I(o,x) on the axis (r = C) and at a
depth x 1s easy to find. R3eferring to Fig. 5, the contribution
to I(o,x) coming from particles which passed through a ring at
x = 0, in the plane of the collimator and of area 27r dr, 1is
—rg/ozﬂr

proportional to 2nr e y &nY sC

r 2 /42
c 2 /42 -r_*/o®
I(o,x) = == r onp e~T /0 dr =1 -e °© (21)
Trcu v O
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At x = 0, o(x) = C and hence Eq. (21) has been normalized to
make I(o,0) = 1.
For a uniform beam of protons of initiazl range Ro = 12 cm

of water, parallel to the x-axis and incident on a circular

oN

collimator of radius r, cm, the plots of Eq. (21) in Fig.
show the decrease in the relative number of particles per unit
area, on the axis, as a function of the water path beyond the
collimator. We have here neglected absorption. The std. cdev.
o(x) has been taken from Figs. 3 and L.

Actually, the number of primary particles in a high energy
proton beam decreases somewhat with penetration into a medium
as a result of nuclear interactions. At the same time, the
average linear density of ionization increases along the paths
of the individual protons as their veloclities decrease, rising
to a maximum, the Bragg peak, near the end of the range of the
beam. The "dose", in terms of the average energy absorbed per
gram, varies as s result el 211 trree factors: scattering,
abscorption, and changing rate of energy loss.

In Fig. 7 is plotted the relstive dose D(o,x) on the
axis of a circular proten beam of initial radius Ts and range
R = 12 cm of water. The effects of scattering are negligible

o}
for a beam of sufficiently large radius, i.e., when r_ >> O.

¢
The top curve in Fig. 7 accordingly shows the variation in
dose due solely tc absorption and to the changing rate of
energy loss. The lower curves show the effects of decreasing
the collimator radius. They are obtained by multiplying.the
top curve, point by point, by the ordinates of the curves in

Fig. 5.
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4,  Beams of Rectangular Cross Section

Consider a beam, initially parallel to the x-axis,
formed by a collimator located at x = 0 of width w and
effectively infinite length. Referring to Fig. &, let F be
a point in the y,z plane at a depth x in a medium at which
the std. dev. is d(x). Let a be the distance of P from the
center line AA' of the beam. Then the contribution to the
intensity I at F due to particles which at x = O passed
through an area dy dz of the collimator will be proportional

2 2
e~ T /c

to dy dz where r? = y® + z=2,

® 2742 atw/2 2,42
I(z2,x) ~1 f e ? /0 dz I eV /0 dy

TOR “o a-w/2
(22)

1 a+W/2 e_yz/O'z
&7V a-w/2

NE B [
By the substitutions @l = Bg(a+w/2) and @ =.L%(a-w/2)

2
Eg. 22 may be written in the form tabulated for the normal

error function:

G1oeze
{ J e d@l
0

L [B

0

I(a,x) =

d<b2} (23)

SIS
3

which is normalized to make I approach unity as w -+ o,
In the special case in which w/g << 1, Eqg. (22) reduces

to

-a?/c?

I(a,x) = (24)

e

1
N o
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0) of an

]

The intensity I(0,x) on the axis (v = z

initislly uniform, parsllel beam formed at x O by a

rectangulsr collimator of width w and length ¥, is

I(o,x) = —=— e g dz

ay
ra? “-vy/2 “w/?

1 Iv/2 g2/ 2 jW/2 Y2/

which, if put in the usuzl tabulated form, becomes

: b 2 ~ 2

I(o,x) = 4<iﬁféw f:l e—Ql /Qdiﬁ:(}/vﬁnfzg e_(P2 /2dv2>

(29
where @, = vA20 and @, = wAl20.

Fig. 9 shows a plot of I(o,x) as a function of
@2 = wA'20 for the case of a rectangular collimator of length
much greater than its width, i.e. v >> w.

Fig. 10 shows plots of I(o,x), again for v >> w, for the
case of a proton beam of initizl range RO = 12 cm water, as a
function of x.

Fig. 11 is a plot of the relative dose function D(o,x)
on the axis of the same beam, of RO = 12 em and v >> w. The
top curve, as in Fig. 6, is the Bragg curve for a beam of
infinite cross section; the lower curves are for various

finite values of the slit width w.

5. Infinite Straight Edge

Suppose an 1initislly uniform beam of protons, parallel
to the x axis, strikes a collimator consisting of a single,

infinite straight edge, coincident with the z-axis, at x = C,

and then enters a scattering medium. If the std. dev. is




- 1k -

)

J(x) st a cdepth X, the intensity resulting from scattering

I

alone at a distance a Trom the geometrical shadow will be

o,
I(a,x) = 3+ == [ ¢¥/2 q¢ (25)
- JEm e

where the + sign is to be used for a point g cm outside the
geometrical shadow and the - sign for a point inside, and

q‘) = 'V""_2 a/do

é. Experimental Test of Theory

Intensity distributions of proton beams at various
depths in absorbers of aluminum and water have been measured.
The experimentzl srrangement is shown in Fig. 12. Protons
of approximately 158 eV energy from the Harvard cyclotron
zre degraded to & lower energy as required by the degracder, F.
A nezrrov beem is defined by 2 mm diameter apertures in 3.€ cm
thick hrass plstes at A and C. A thin-wzlled ionization
chamber, IC, placed zfter 2 7 mm diameter aperture at B,
monitors the intensity of the transmitted beam. The collimated
beem enters the absorber of thickness T, and the intensity
distrivbution of the besm as it emerges from the abscrber is
messured by the detector, D. The detector,consisting of 2
small silicon diode, can be moved across the exit face of the
absorber by mesns of a modified microscope stage equipped with
remote controls and readout. The short-circuit current
generated by the diode when exposed to the proton beem is
integrated with respect to time using s vibroting-reed electro-
meter*. The performance of this detector svstem is described

*Cary Model 31 CV, Applied Fhysics Copr. lonrovie, Czlif.



- 15 -

in Ref, (4). The signasl from the monitor IC is fed into an
integrating electrometer, and the besm 1is automatically
svitched off when a preset gquantity of charge has been
collected. At each position of the detector the charge
collected from the silicon diode per unit charge from the IC
is recorded, thus normalizing sgainst chaenges in incident
beam current.

A representstive set of measurements for 127 1eV protoas
incident on water is plotted in Pig. 13. Frofiles were first
made at right angles to the ones shown to determine as nearly
as possible the position of the true diameter. The same
measurements have been re-plotted on a Gaussian scale in
Fig. 14,9 It is evident that the measured distributions are
nearly Gaussian in form. The mezsured standard deviation Om
is taken as one hall the diameter between points of 37% |
relative intensity and can easily be determined from the
Gaussian plots.

The width of the beam in the absence of scattering
material must be taken into account. e have measured the
standard deviation oa of the beam intensity distribution in
air for each energy used snd at several distances T« Linear
interpolation was used to estimate o, gt other values of T.
These values were used to calculate the standard devistion

due to scattering, O, using the relstionship

6220'2-(52 (27)
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The results are given in Fig. 15 and Table I. Figure 16
illustrates the relstionship between the standard deviations
of Eq. (27) as a function of depth in the absorbers, based
on the data of Figs. 13 snd 1h.

The uncertainty in the measured standard deviations dm
and 0_ is estimated to be #0.07 mm. From Eq. (27) it follows

that the error in ¢ is given approximately by

_ 0.07 , 1/2
€ = =% (cm? + oaz) (28)

Values of & cslculated by Eg. (28) are included in Table I.

Finally, all the experimentally determined values of ¢
have been combined in Fig. 17'using the dimensionless
guantities d/GRO and T/R_, where R is the meen proton
range in the scattering materisl and d is the standard
deviation due to scattering 2t the end gf range. Agreement
between the experimental points and the curve calculated
from Ecs. (12) snd (15) is reasonably good.

The intensity distribution in a.beam defined by a slit
of C.75 mm width usiné protons of about 134 eV incident on
a2 water absorber was also measured. The standard deviation
obtained at 11.# cm depth is 3.68 mm while the calculated
value is 3,69 mm.

The authors are happy to acknowledge the help given by

Mr. Gerry Polucci, ¥r. Jon Dickinson, and MMrs. Ciclly Hajek.
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Figure Captions

A scattering event in an‘element»dx, at a distance x from
the front face of a slab of material of total thickness
Ty causes a displacement r in the position of & particle,
measured at a distance S from x = O,

The function F(px), defined by Eaq. 9, for protons of
ihitial range R = 2.33 g/cm® in aluminum,

Values of 9q9 the standard deviation for protons of
initial range R, g/cm?, at the end of their range,
calculated from Egs. 12a and 12b for water and aluminum
respectively.

The calculated ratio 0/0, of the standard deviation

for protons, Of initial range RO, at a depth T in a

given material, to that at the end of the proton range.

A parallel beam of particles is initially limited by_a
circular collimator of radius Tye

I(o,x) is the calculated relative intensity (protons/cm?)
on the axis of 2z uniform circular beam, of initial

range RO = 12 cm of water and radius r, mm at the
collimator, as a function of water path x. Absorption

is neglected; the change is due to scattering alone.

The relative dose D(0,x) on the axis of a uniform circular
proton besm, of initial range Rb = 12 cm of water and
radius r, mm at the collimator, as a function of water
path x. The curve for r, = is an experimental Bragg

curve, the others are calculated.
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11.
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Figure Captions (continued)

Scattering to a point P, at a distance g from the axis
AA' of a collimated rectangular beam of width W, from
an element dxdy.

The function I(o,x) of Eguation 25, plotted vs.

©, = W20, where W is the width of s rectangular
collimator, of length V >> W; o is the std. dev.

for scattering, and I(o,x) is the intensity on the
axis st a depth x.

The calculated intensity I(o,x), on the axis at a
depth x, for a proton beam from a rectangular
collimator, of width W mm and length V >> W, and
initial range Ro =12 cm of water. Absorption is
neglected.

Relative dose D(o,x) on the long axis of a uniform

"

rectangular beam, of initial range RO 12 ¢cm of
vater, width W, and length V >> W, as a function of
vater path x. The curve W = @ is =zn eyperiment:sl

Brzgg curve, the cthers wre calculatel,

W)

Diagram of experimentsl arrangement. The proton beam
is incident on the degrader, F, and is collimated by
2 mm diameter apertures at A and C. The ion chamber IC
behind a 7 mm aperture at B monitors the transmitted
beam. The absorber of thickness T is placed about
20 cm after C. The silicon diode detector at D

measures intensity as a function of position y along

1

. K .
a dismeter.
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15.

16.
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Figure Captions (continued)

Beam intensity as a function of position =long a dlameter

~of the beam, messured at C em (a), 5.7 cm (b), 8.7 em (e),

and 1l.4 cm (d) depth of penetration in water. The
incident energy‘is 127 4eV and the mean end of range 1s
at 11.4 cm depth.

Dats of Figure 13 normalized to 10C% intensity at
maximum and plotted on a Gaussian scale.

The stand ard deviation due to scattering at various
depths. The curves are calculated from Eos. (12) and
(15) of Section 2, while the points are experimental
results. Curve (a) is for 112 eV protons on aluminum,
curve (b) is for 158 eV protons on aluminum, and curve
(¢) is for 127 eV protons on water.

The relstionship between beam-width in the absence of
scattering, 953 the scattering contribution, d; and the
total observed width ¢ . The dats of Figures 13 and 14
have been used for this example.

Dimensionless plot of the standard deviation cdue to
scattering versus depth of penetration. The curve 1s a
plot of Eg. (15) of Section 2. Open trisngles are
experimental results for 112 eV protons on sluminum;
solid triangles for 158 MeV protons on aluminumj open

circles for 127 MeV protons on water.
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